Research problems  by unknown
Discrete Mathematics 111 (1993) 485-489 
North-Holland 
485 
Research problems 
Problem 161. Posed by Harald Gropp. 
Correspondent: Harald Gropp 
Miihlingstr. 19 
W-6900 Heidelberg 
Germany. 
Let g(G) denote the girth of a graph G. Is there a 6-regular bipartite graph G with 66 
vertices satisfying g(G)36? What is the answer if we change 66 to 68? 
For 2v = 62 and for all 2v 2 70, there is a 6-regular bipartite graph G with 2v vertices 
and g(G)>6. There is no such bipartite graph for 2u= 64. 
These existence problems are closely related to the existence of configurations 336 
and 34,. See [l] for further background. In both cases, it is not possible to construct 
a divisible configuration [2]. 
References 
[l] H. Gropp, Configurations and graphs, Discrete Math. 111 (this Vol.) (1993) 269-276. 
[2] H. Gropp, Non-symmetric configurations with deficiencies 1 and 2, Ann. Discrete Math., to appear. 
Problem 162. Posed by C. Delorme and H. Comon. 
Correspondent: C. Delorme 
LRI 
Universite Paris-&d 
F-91405 Orsay Cedex 
France. 
Let X1,X,, . . . . X, be a collection of p sets, and let ny= iXi denote their Cartesian 
product. Let A G nf= 1 Xi satisfy the 2p conditions Cr, where I E { 1,2, . . , p}, which 
follow: 
c1: 
the number of elements of A that coincide on I 
and have no coincidence out of I is bounded by k. 
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(Of course, the condition with I = { 1,2, . . , p> is useless.) To illustrate the notion, we 
take the case k = 2 and p = 3. Thus, the following configurations (and similar ones) are 
forbiden. 
Xl x2 x3 Xl x2 x3 
I=0 I=(l) 
x1 x2 x3 
I={1,3} 
The question is: What is the maximum cardinality of A? Background information 
may be found in [2]. The example of 
/X11=IX2/= . . . =IX,I=k 
and 
shows that the maximum is at least kP. 
In the case p = 2, the bound is k2, as can be seen from the following argument. The 
set A can be viewed as a bipartite graph with maximum degree at most k (I = {l} and 
I= (2)) and no matching with more than k edges (I=@). Thus, by Corollary 1 of 
K&rig’s theorem in [l], a minimum vertex cover has cardinality at most k, and such 
a vertex cover meets at most k2 edges. 
Using the same argument with induction gives an upper bound of kZP-‘. Consider 
the bipartite graph with the set X,+i corresponding to one bipartition set, and the 
product n;= 1 Xi corresponding to the other bipartition set. The degrees of the vertices 
in the first bipartition set are at most k2P-‘, and in the second bipartition set are at 
most k. It is easy to see that no matching has more than kZp-’ edges. 
We conjecture that kP is the true value. 
References 
[I] C. Berge, Graphs and Hypergraphs (North-Holland, Amsterdam, 1973). 
[2] H. Comon, Unification et disunification: theorie et applications, Thkse de Doctorat, Institut National 
Polytechnique de Grenoble, 1988. 
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Problem 163. Posed by Zs. Tuza. 
Correspondent: Zs. Tuza 
Computer and Automation Institute 
Hungarian Academy of Sciences 
H- 1111 Budapest 
Kende u. 13-17 
Hungary. 
Let Ai,Bi, i=l, . . . . m, be finite sets such that 
,4inBi=Q), 1 di<m, 
and at least one of Ai n Bi and Aj n Bi is non-empty whenever i #j. Given a, btz N, find 
the largest possible value of m provided that 
In particular, can m/(“ib) tend to infinity with a and b? 
References 
[l] Zs. Tuza, Inequalities for two set systems with prescribed intersections, Graphs Combin. 3 (1987) 
75-80. 
Problem 164. Posed by Horst Sachs. 
Correspondent: Horst Sachs 
Institut fur Mathematik 
Technische Hochschule Ilmenau 
Postfach 327 
O-6300 Ilmenau 
Germany. 
This is a problem of long standing, often presented at problem sessions. An n-bull 
packing P is a finite collection of unit balls in n-dimensional euclidean space, where the 
balls are allowed to touch but not to overlap (that is, the interiors of any two balls of 
P are disjoint). Let xn denote the least number of colors that suffice for coloring the 
balls in any n-ball packing such that any two balls which touch receive different 
colors. 
It is known that xz =4-an elementary proof without using the four-color theorem 
exists-and that 5 <x3 d 10. The general question is what is xn? In particular, what 
is x3? 
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Problem 165. Posed by K.T. Balinska and L.V. Quintas. 
Correspondent: L.V. Quintas 
Department of Mathematics 
Pace University 
New York, 
NY 10038, 
USA. 
Given positive integers n, N, andf32, let G, (n, N) denote a graph of order n, size 
N (the number of edges), and maximum degree no greater thanJ; which is obtained as 
follows: 
(1) Start with n labelled vertices. 
(2) Sequentially add edges to these vertices such that each edge is selected with 
equal probability from the remaining unselected edges, and such that its selection will 
not introduce a vertex of degree greater thanf: 
(3) Stop when N edges have been selected or when no edge satisfying 2 is available. 
This simple generalization of the classic Erdos-Renyi random graph process leads 
to some challenging mathematical problems and is a process related to a variety of 
physical applications. 
Problem. What can one say about G,(n,N) for n,f and N fixed, or about 
lim,, o. Gf(n, N)? 
References 
[l] K.T. Balitiska and L.V. Quintas, The sequential generation of random f-graphs. Line maximal 
2-,3-,4-graphs, Comput. Chem. 14 (1990) 3233328. 
[2] K.T. Bahnska and L.V. Quintas, The sequential generation of randon edge maximal f-graphs as 
a function off; J. Math. Chem. 8 (1991) 39-51. 
[3] K.T. Balinska and L.V. Quintas, The sequential generation of random f-graphs. Distributions and 
predominant types of line maximal f-graphs with f24, in: Combinatorics and Algorithms, Ann. 
Discrete Math., to appear. 
[4] K.T. Balinska and L.V. Quintas, The random f-graph process, in: Quo Vadis, Graph Theory?, Ann. 
Discrete Math., to appear. 
Problem 166. Posed by Patrick Sole. 
Correspondent: Patrick Sole 
CNRS, 13s 
250 rue A. Einstein 
F-06560 Valbonne 
France. 
It is known [l] that a multigraph G is planar if and only if its cycle space has a basis 
of cycles covering each edge at most twice. 
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Conjecture. A multigraph G has a basis of cycles of its cycle space covering each edge 
at most 1, times if and only if its genus is f(n) for some$ Z+ -+Z+. 
References 
[I] S. MacLane, A structural characterization of planar combinatorial graphs, Duke Math. J. 3 (1937) 
340-472. 
Problem 167. Posed by Anthony Hilton. 
Correspondent: Anthony Hilton 
Department of Mathematics 
University of Reading 
Whiteknights, 
Reading, RG6 2AX 
England. 
Let S’ denote the unit circle. Consider a graph to have a finite number of distinct 
vertices and a finite number of edges, each edge being homeomorphic to the closed 
unit interval [0, 11, and no two distinct edges intersecting except possibly at their end 
vertices. The question is to give an explicit description of all graphs for which there is 
a 3-to-1 continuous map onto S’. 
References 
[l] J.W. Heath and A.J.W. Hilton, Trees that admit 3-to-1 maps onto the circle, J. Graph Theory 14 (1990) 
31 l-320. 
[2] J.W. Heath and A.J.W. Hilton, Exactly k-to-l maps between graphs, Trans. Amer. Math. Sot., to 
appear. 
Problem 168. Posed by P. Erdijs, S. Fajtlowicz and W. Staton. 
Correspondent: S. Fajtlowicz 
Department of Mathematics 
University of Houston 
Houston, 
TX 77204-000 1, 
USA. 
Let f(n) be the largest integer for which every graph with n vertices contains an 
induced regular subgraph withf( n vertices. An obvious estimate forf(n) follows from ) 
Ramsey theory, the problem is to give a better estimate off(n). 
A second question is whether or not f (n)/log n -+ co as n -+ co? 
